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1. Introduction

The inviscid flow of two layers of homogeneous fluid of differ-
ing density with a free surface above the second layer is a useful
simplified model for stratified flow in the atmosphere and ocean.
Criticality of the uniform flows provides an organizing center for
the bifurcation of internal fronts and solitary waves (see recent
reviews of Grimshaw [14] and Helfrich and Melville [15] and ref-
erences therein). In this paper the theory of criticality manifolds is
applied to the two layer system with an upper free surface.

Our main results are (a) the four-parameter family of uni-
form flows can be parametrized by the criticality surfaces in the
5-dimensional space associated with the total momentum flux and
the two mass fluxes and two Bernoulli energies, highlighting the
criticality submanifolds. (b) The nonlinear coefficient needed for
the bifurcation of solitary waves is determined by second deriva-
tives of the criticality mapping. (c) Previous results on bifurcating
solitary waves are extended to the case where there is a velocity
difference between the lower and upper layer.

Before proceeding further it will be useful to define exactly
what we mean by “criticality manifolds”. Effectively this is a new
interpretation of information that is fundamental in hydraulics. The
shallow water equations for two layers with a free surface take the
following familiar form (cf. §3.3 of Baines [3])

0 0
—(p1h —(o1h =0,
at(ﬂl 1)+8X(,01 1u1)
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— — = h hy, | =0. 1.1
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In these equations uq(x, t) and u;(x, t) are the depth-averaged hor-
izontal velocities, hi(x,t) and hy(x,t) are the layer depths, g is the
gravitational constant and p; and p, are the fluid density in each
layer, with 1 associated with the lower layer and 2 associated with
the upper layer. It is shown by Barros [4] that these equations can
be written in the illuminating form

¢+ (MVE(c)), =0,

by taking ¢ = (hy, hy, uq, uz),

00%(1)
S

P1

0%00

and

1 1 1 1
E(©) = Epmlu% + Epzhzui + Eplghf + p2ghihy + Enghﬁ.
(12)

The function E(c) corresponds to the energy of the system.
Steady flows - which in this case are uniform flows - satisfy
these equations with the time-derivative terms dropped. Uniform
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flows therefore correspond to constant values of (R, Rz, Q1, Q2)
with

JoE 1
Ry := o 501”% + p18h1 + p2gha,
0E 1
Ryi=or- = 5”2”5 + p2ght + p2gha,
oE
= — = p1hjuy,
Q1 ou; p1hiuq
0E
Q2 := P p2haus. (1.3)

These expressions are just the Bernoulli energy (Ry and R;) and
mass flux (Q1 and Q») in each layer. With P = (R1, R2, Q1, Q2),
(1.3) is the mapping P:R* — R*. It is remarkable how much in-
formation this simple mapping contains.

First, the mapping P(c) parametrizes all uniform flows. This
parametrization is explored in Section 2. Secondly a uniform flow
is critical if det[DP(c)] =0 where
dR1  9Ry 3Ry ARy
3h1 ahz BLI] 3”2
9Ry  9Ry 3Ry 9Ry
ohy ohy ouq dauy
8Q1  9Q1 31 9
3h1 3h2 3U1 3Ll2
9Q;  3Qx  9Q; 3Qp
ahy ahy ouq auy

Indeed, a straightforward calculation shows that

DP(c) :=

det(DP(c)) = pf p3[ufuj — ghout — ghyuj + (1 —r)g?hihy]
= p?p2(1 —r)ghighs[1 — Ff — F2 + (1 — ) F2F3],

(1.4)
where
2
F;:L r:&,
I g(1—nhy’ o1

Setting det(DP(c)) = 0 recovers the familiar condition for critical-
ity of two-layer flow with a free surface (cf. Armi [1], Baines [3]
and references therein). However, there is a great deal more in-
formation available here. Criticality det(DP(c)) = 0 defines a three-
dimensional hypersurface in the four-dimensional c-space. The ge-
ometry of this hypersurface is explored in Section 3. The fact that
DP(c) is singular assures the existence of an eigenvector n € R*
satisfying

DP(c)n =0.

This eigenvector provides geometric information about the critical-
ity surface. The third observation is that the second derivative of P
in the direction n gives information about solitary waves and gen-
eralized solitary waves. The precise form of the second derivative
is

2

o (n"P(c+sm))|  =C(e)(m?¢*r* + me(3m -3¢ —Dr
s=0
+(m—107), (15)
where c satisfies (1.4), C(c) is a nonzero function and
h u?
mi= >, L=-2. (1.6)
hy u?

The remarkable feature of the right-hand side of (1.5) is that it is
the critical coefficient needed for the bifurcation of solitary waves.
When ¢ =1 this expression reduces to a multiple of «_ in Eq. (3.8)
of Kakutani and Yamasaki [16] and a multiple of A in Eq. (3.5) in
Dias and Il'ichev [12] (see also Peters and Stoker [19] - who first

pointed out the existence of this singularity — and Walker [21]).
The precise relation between the right-hand side of (1.5) and the
results in [16] and [12] is discussed in Sections 4.1 and 4.2. By
allowing the ratio of the velocities ¢ to vary, new properties of the
zero set of the right-hand side of (1.5) appear.

The bifurcation of solitary waves and generalized solitary waves
for this fluid configuration is well known, even to finite ampli-
tude (cf. Dias and Il'ichev [12], Michallet and Dias [18], Barros and
Gavrilyuk [5] and references therein). Our new observations about
bifurcating solitary waves are twofold: to show the role of the
mapping P(c) in the bifurcation of solitary waves, and to extend
the range of parameter space by including a velocity difference be-
tween the two layers.

Our starting point for the weakly nonlinear bifurcation of soli-
tary waves and generalized solitary waves is the normal form of
Dias and Il'ichev [12]. They show that the leading order normal
form for bifurcating solitary waves near the slow critical curve
(this curve is defined in Fig. 7) takes the form

@ A

dx ' 2 ’

du—sv+

x - ,

dA | .

— —iwA+ivuA+--- (1.7)
dx

where u, v are real-valued functions, A(x) is a complex-valued
function, i is the imaginary unit, sy = +1 and «, v, @ and I; are
real parameters. This normal form is given in Eq. (3.15) of [12]. It
has been adjusted in this case to reflect the Hamiltonian structure.
The properties of this normal form are discussed in Section 6.1. The
coefficient k is called A in [12], and it is the critical coefficient as-
sociated with bifurcation of solitary waves. One of our principal
observations is the connection between x and the mapping P(c),

2
K =a?:?(nTP(c+sn)) L (1.8)
where ay is just a positive scale factor. This observation is a special
case of the theory of normal forms for degenerate relative equilib-
ria [7-10], and is discussed in Section 6.1.

The solitary waves predicted by the normal form (1.7) are gen-
eralized solitary waves; that is, they do not in general decay to
zero as X — £oo. Their tails can be exponentially small. This is-
sue has been well-studied in the literature (see Lombardi [17] and
Dias and II'ichev [12] and references therein) and will not be con-
sidered here. Here, only the geometric properties of the leading
order normal form are discussed.

2. Uniform flows in (Q1, Q2, S) space

In this section it is shown how the mapping (1.3) parametrizes
uniform flows. To see the basic strategy, first consider the case of
one fluid layer. For one layer, (1.3) reduces to

1,
R:gh+§u , Q =hu, (2.1)
where g > 0 is the gravitational constant. Accompanying these two
functions is the momentum flux

1
S=hu?+ Eghz.

For given values of R and Q, uniform flows correspond to solu-
tions of (2.1) when the mapping from (R, Q) to (h,u) is uniquely
invertible. The singular points can be included by lifting the fam-
ily of uniform flows into the three-dimensional (R, Q, S) space by
including the momentum flux. Uniform flows in this 3D space lie
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Q

Fig. 1. Slice with constant R > 0 of the surface of uniform flows in the (R, Q,S)
space.

on a swallowtail, and a cut through the swallowtail for R > 0 is
shown in Fig. 1. The two cusp points on the surface correspond to
critical flow. This approach to the plotting of uniform flows in the
SQR space is due to Sewell and Porter [20].

This figure shows that one cannot choose uniform flows arbi-
trarily. Every possible uniform flow, for each fixed R > 0, lies on
a single curve in (S, Q) space, and there are exactly two points
(the cusps) where the uniform flow is critical and they correspond
to F =41 where R is the usual Froude number.

This approach to parametrization of uniform flows is now gen-
eralized to two-layer flow with a free surface. Accompanying the
functions (R1, Rz, Q1, Q2) is the momentum flux

S=(c, VE(©))— E(c)

=hiR1 +haR2 +u1Q1 +uQ2 —E

1 1

= prhyui + pohati3 + - p1ghd + paghiha + - pagh3, (2.2)
which is obtained from the shallow-water equations (1.1) by noting
that
o1 9S _
at - ax
with

0,

I= %(M_lc, C> = p1hiu1 + pahous.
See Barros [4] for further discussion of the conservation laws for
two-layer flow with a free surface.

The functions in (1.3) and (2.2) can be viewed as a mapping
from R* = {(hy, h, uq,uz): hy >0, hy >0} to R® ={S, Q1, Q2,
R1, R2}. This surface is a generalization of the swallowtail in the
case of a single layer fluid shown in Fig. 1.

Taking Ry and R fixed, hy and h, can be expressed as func-
tions of r, R1, Ry and the velocities

hy = 1 Ry —R ! u2+1 u?
1T g —p \N1T 2Tt )
1 1,01
= (=R + Ry -pi— = . 23
? mgr(lfr)< TR e szuz) 23)

The regions of feasible uniform flows in the velocity space (u%, u%)
are determined by the physical requirement that h; > 0 and
hy > 0. These conditions provide lines which border the region of
feasible uniform flows

2
E(Rl —Ry) >uf —ruj,

2
E(Rz —rRy) > —u? 4 us. (2.4)

Case 1 2 1

Case 2

Case 3

Y

R,

Fig. 2. Regions corresponding to Cases 1, 2 and 3 in the Bernoulli energy space.

Fortunately the intersection of these two sets is finite. In fact set-
ting hy = h, = 0 shows that there is a strict upper bound on
admissible velocity fields

2 2
u%é—RL u%é—Rz.

L1 P2
This bound is to be contrasted with the case of two layers with
a rigid lid [10] where the field of admissible velocities is infinite -
even when Rq and R; are finite.

There are three cases depending on the values of Ry and R3:

Case 1: Ry > Ry,

Case 2: TR1 <Ry <Ry, Case 3: Ry <rRj.

These three cases divide the positive quadrant of the Bernoulli en-
ergy space (Ri, Ry) into three regions as shown in Fig. 2. For each
subregion in the Bernoulli energy space, the feasible regions in ve-
locity space need to be determined and they are shown in Fig. 3.
In Case 1 the upper layer is dominant; in Case 3 the lower layer
is dominant and in Case 2 the two layers are in balance. Case 2 is
the most interesting as there are two regions of critical flow (see
Fig. 7 below). Substituting the expressions for hy and h; into Qq,
Q2 and S with fixed r, R and R; results in a parameterized hy-
persurface in the three-dimensional (Q1, Q3, S) space,

£1 Rq Ry 2 2
)= (2= 22 :
Q1(u1,u2) 2g(1—r)u1( o o uy +ru;

02 R1 Ry 2 2
Q2082 = 550 —r>”2( 2o T T “2>
with a similar expression for S(ui,u;) obtained by substitut-
ing (2.3) into S in (2.2). By letting (u1,uy) vary over the feasible
region, curves in the (Q1, Q,S) space are generated and exam-
ples of the three cases are shown in Figs. 4-6.

In these figures the curves of critical uniform flows are colored
in red. These figures are best viewed interactively in MAPLE where
they can be rotated and enlarged, and copies of the MAPLE codes
which generated these figures are available for downloading.!

2.1. Criticality hyperbolae in velocity and Froude number space

In Figs. 4-6 the subsets of uniform flows corresponding to crit-
ical flow are colored in red. In black and white, the lines of criti-
cality are the thicker lines in the interior of the triangular regions.
These are the subsets which satisfy the criticality condition (1.4).
The criticality curves in (Q1, Q2, S) space are the image of the crit-
icality curves in the velocity space. The criticality curves in velocity

1 http://personal.maths.surrey.ac.uk/st/T.Bridges/TWO-LAYER/.
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L — R — 2
- -

Case 1

Case 2

Case 3

Fig. 3. Schematic of feasible regions of uniform flows in velocity space. The shaded regions consist of admissible velocity fields for uniform flow. Equations for the upper and

lower boundaries are given in (2.4).

(a) The surface of uniform flows associated with Case 1.

u22 401

35.

201 . , : - 2

0 05 i 15 3 W
(b) The criticality hyperbola in velocity space superimposed on the region of
uniform flows.

Fig. 4. Surface of uniform flows and criticality curves corresponding to Case 1, in
terms of scaled variables with p; =1, g=1,r=0.1and Ry =1 and R, =2.

space are determined as follows. Substitute (2.3) into the critical-
ity condition (1.4). This gives a conic section in u? and u% which
turns out to be hyperbolae in all three cases (see §3.4.2 of [13]).
The intersection of these hyperbolae with the admissible regions
in velocity space are shown in Figs. 4(b), 5(b) and 6(b). The most
interesting case is Case 2 where both branches of the hyperbola
appear.

Another way to view the fast and slow critical curves is in the
Froude number plane. The criticality condition (1.4) can be ex-
pressed in the form

[a=pF=1][a=nF-1]=r, (25)

from which the following parameterization is immediate,

(a) The surface of uniform flows associated with Case 2.

2
u, 20

151

‘ 2
0 i 2 3 |
(b) The criticality hyperbola in velocity space superimposed on the region of
uniform flows.

Fig. 5. Surface of uniform flows and criticality curves corresponding to Case 2, in
terms of scaled variables with p; =1, g=1,r=0.1 and Ry =2 and Ry = 1.

2_ 1+ re ?

14 J/ret?
ZZL and F; -

F )
1 1-r

and these curves are shown in Fig. 7. The plus sign is for the fast

critical mode and the minus sign is for the slow critical mode. For

the fast critical mode, —co < ¢ < 400, but for the slow mode ¢ is

restricted by /F < e? < %

3. Geometry of the criticality surfaces in (R, Q ) space

The curves in the (Q1, Q2,S) space with (R, Ry) fixed show
all uniform flows, and the critical flows arise as cusp curves on
these surfaces. As (Rq, Ry) vary these criticality curves become
3-dimensional criticality surfaces. In this section the properties of
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(a) The surface of uniform flows associated with Case 3.

1122 21
15
1]
05]

‘ 2

03 25 3 35 4 W

(b) The criticality hyperbola in velocity space superimposed on the region of
uniform flows.

Fig. 6. Surface of uniform flows and criticality curves corresponding to Case 3, in
terms of scaled variables with p; =1, g=1,r=0.1 and Ry =2 and R; =0.1.

A

F,’

slow critical mode

Y

1 2
F

Fig. 7. Schematic of the criticality curves in the Froude number plane. The dashed
lines correspond to the asymptotes: F? = (1 —r)~! and F? = (1 —r)~!. The dots
correspond to the points on the two criticality curves where F12 = F% and their
coordinates are (14 /7).

these criticality surfaces are explored, based on an analysis of the
mapping P(c) introduced in Section 1.

The study of P(c) is also related to the relative equilibrium
characterization of uniform flows and this theory is given in Chap-
ter 4 of Donaldson [13]. The upshot of that analysis is that uniform
flows are critical precisely when the Jacobian of the mapping P(c)
is degenerate, det[DP(c)] = 0. The Jacobian is given explicitly by

;g p28 piun O
mg g 0 paup
. 3.1
piur 0 pthy O (3D
0 puz 0 poh

Note that the Jacobian is a symmetric matrix. The symmetry fol-
lows from (1.3) which shows that P(c) = VE(c). Setting the deter-
minant of DP(c) to zero gives the criticality condition for two-layer
uniform flows with a free surface as noted in (1.4).

The simplest version of criticality is when the Jacobian DP(c)
has a simple eigenvalue; that is, the Jacobian has rank 3. The ma-
trix DP(c) has rank three if

DP(c) =

A'(0)#£0 where A()) = det[DP(c) — Al],
when A(0) = det(DP(c)) = 0.

Expanding out the determinant and differentiating

A'(0) =rp3[—g*h1 —rg*hy — ghihy +rgub — ghirhy
+ruzhy + grhy + g*r’hy +u%g+u%h2]. (3.2)

The right-hand side should be evaluated for ¢ satisfying the crit-
icality condition (1.4). It is proved in Appendix A that A’(0) is
nonzero for all physically admissible values of the parameters.
Hence, zero is a simple eigenvalue of DP(c) with eigenvector

rghih;
hy(uf — ghy)

—rghauq
—up(u? — ghy)
where R represents an arbitrary multiplicative constant. Since it
does not affect the later discussion, take the multiplicative con-
stant to be unity. The symbol n is used since m can be inter-
preted as a normal vector - to the image of the criticality surface in
(R1, R2, Q1, Q2) space (cf. Fig. 9 of [9]).

The condition det[DP(c)] = 0 defines a 3-dimensional hyper-
surface in the 4-dimensional c-space, and this surface can be
parametrized by taking

DP(c)n=0 = n=R (3.3)

hi(s,t, @) =s,
ha(s,t, @) =t,

Ui (s, t, ) = £/ gs(1 + e/ret?), e==1,
Uy(s,t, @) = £,/ gt(1 4 e/re=9). (34)

For fixed g, r this parameterization maps out a surface in (h, u)
space by taking s >0, t >0 and ¢ € R (when € = +1) and
Jr<e? € %ﬁ (when € = —1). Taking € = +1 gives the surface
of criticality associated with the fast mode in Fig. 7 and € = —1
is associated with the slow mode. There does not appear to be an
easy way to visualize this three-dimensional manifold.

4. The second derivative of P(c) on the criticality surface

As noted in the introduction, the second derivative of P(c) is of
interest for the bifurcation analysis of solitary waves. The second
derivative is also associated with singularities of the 3-manifold
(3.4). The image of the criticality surface in (R1, Rz, Q1, Q) space
can have singularities. In lower dimension these singularities show
up as cuspoidal curves (cf. [10]). In higher dimension these singu-
lar sub-surfaces can still be found theoretically [2,7].

Define

f(©) := det[DP(c)]
= p?p3 [u%u% — ghou? — ghjud +(1 - r)g2h1h2].
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Then the criticality surface in (h1, hy, uq, uy) space is defined by
f~1(0) and Vf can be interpreted as a normal vector to the crit-
icality surface. This vector is to be contrasted with n which is a
normal vector to the image of P(c) when c e f~1(0).

A singularity occurs when the eigenvector n is tangent to the
criticality surface, that is, V f - n = 0. Now,

—gu3 + (1 -nghy
2 2
- +(1-=rg°h
VF=p2p2 gug
f=rip 2uqu3 — 2ghyuy
2upu? — 2ghou;

Taking the inner product with n in (3.3),

2,2 uZ u2
Vf-n=—3ghh, P2 M3 Mopsl (41)
ab | n? h3

where a is an arbitrary nonzero constant and

1/ u?
b=-( 2L _1)a.
r<gh1 )a

The function Vf - n is related to the second derivative in (1.5)
and (1.8) by

p1p3\ d*
ab

This identity can be verified by direct calculation, but it is a special
case of a general result [7] for mappings from R" to R".

To simplify the expression (4.1) further, evaluate it on the (slow
mode) criticality curve. The criticality condition (2.5) can be writ-
ten in the form

n'P(c+sn))

Vf.n:—(ghlhz dSz( .
s=0

VO —m+0OVE?E+m(1l—r)=0, (4.2)

where m, ¢ are defined in (1.6) and

2
u

V)? .= —L.

ghy

Solving (4.2) for V (£)? on the slow mode critical curve,

V()2 = §:=(m+ 0% —4me(1 —r). (4.3)

m+¢—+/s

2¢ ’
The velocity V (¢)? is a generalization of V2 in [16] and C2 in [12]
to include a velocity difference; specifically €2 = Vg =V (1)2. Sub-
stitution in (4.1) gives

2

;? (n"P(c+sn))

b3
—3p V(E)Z%ﬁ(rfm —(m—ev©?)?).

s=0
Expanding and simplifying the right-hand side then leads to the
fundamental formula

d2

— (n'P(c+sm))|  =CO@(r.m.0), (4.4)
ds s—0

with

&(r,m, £) =m*e*r* + me3Bm — 3¢ — Dr + (m — £)°, (4.5)
and

C(c) = —6gp2th1b>V (£)*[h3(2rtm — (m — €)> — 3mer(m — )
+Vo(mer+m—02)] . (4.6)

The zero set of the second derivative is determined by the function
& (r,m, £). Before proceeding to analyze this function further, we
show that this is a new interpretation of a well-known coefficient
in the literature.

m A

Fig. 8. Zero set of the function & (r,m, ¢) for the cases (a) £ <1, (b) £=1 and
(c)€>1.

4.1. Comparison with A in Dias and Il'ichev [12]

The critical coefficient in Dias and IlI'ichev [12] is A in Eq. (3.5)
of [12]. It is the coefficient of the quadratic nonlinearity in the
leading order normal form (Eq. (3.5) in [12]). In this subsection,
the connection between A and the function @ (r,m, £) with £ =1
is established.

The expression for A in [12] is

~

490 -R) A
" 20 C2((14+H?2+3RH)—H(1+H)’

with

A=C*4+C2(1-2H)+H?>-1. 4.7)

Their notation corresponds to
P2

h
=2 and R= -,
hq 01

and (Eq. (2.4) in [12])

H

_1+H-J(A+H?—4H1-R)

c? 4.8
2 5 (48)
Substituting (4.8) into (4.7) and some rearrangement leads to

. ®(R,H, 1

A= ( ) (4.9)

1+HR—@2—H)C%’

Hence A = 0 corresponds to @(R, H,1) = 0. This curve is the
dashed line plotted in Fig. 7 of [12] and it corresponds to the mid-
dle plot in Fig. 8.
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Dias and II'ichev also derive the critical coefficient another way.
It is Eq. (A.22) in [12] and this equation can also be expressed in
terms of &. Eq. (A.22) is
(A22) = H1(H1 — 1)*R* + H1R(3 — 10H; + 7H?)

+(1—6Hy + 12H} — 8H3),

where
T
o h1 +hy - 1+H ’

After some rearrangement we find

Hiq

(A22)=H3®(R, H,1).
This shows how A, (A.22) and & (r,m, 1) are related.

4.2. Comparison with o_ in Kakutani and Yamasaki [16]

The critical coefficient in Kakutani and Yamasaki [16] is a_ in
Eq. (3.8) of [16]. It is the coefficient of the nonlinear term in the
KdV equation that they derive shown in Eq. (3.7) of their paper. Al-
though the KdV equation derived there misses the generalized soli-
tary waves, the critical coefficient is still the same as that in [12]
and can be related to &.

In the notation of [16], the expression for the critical coefficient
is

3Vyéa-
T 2((Ve)2 = m{(1 +m)(Vy)2 —2(1 —o)m}’

with
& =1+mo)(vy) — 1 —o)m2—m).

In their notation o = % and (Eq. (2.12) in [16])

2 14+4m—y/A+m?2—401—-o)m
With a little manipulation it can be shown that
_2m(1-o0)®(o,m,1)

N Den ’

where

Den=(1+4+mo)(1+m)—-2m2 —-m)(1 —o0)
— (A +mo)Yy(A+m?2 —4m(1 — o).

Therefore a— = 0 corresponds to ®(o,m,1) =0, and the curve
o =0 is plotted in Fig. 2 of [16]. This case corresponds to the
middle figure in Fig. 8.

5. Properties of ¢ (r,m, £)

The zeros of @ (r, m, £) are important for the bifurcation of soli-
tary waves and generalized solitary waves. @ = 0 can signal the
switch from a solitary wave of elevation to a solitary wave of de-
pression, and it changes the nonlinearity from quadratic to cubic
and so it is possible for fronts and generalized fronts to bifurcate
at this point. In this section the zeros of @ (r,m, ¢) are explored
with emphasis on the implication of £ # 1.

The function @ is factorizable and so the zeros of @ can be
parametrized by

e 1+3¢—3m " (14+¢—m)/1+4¢—4m
- 2me 2me '

This pair of curves is plotted in Fig. 8 for three ranges of veloc-
ity difference: £ <1, £ =1 and ¢ > 1. The case ¢ =1, Fig. 8(b),

(5.1)

recovers the result in [12,16] and Fig. 3 of Walker [21]. An impor-
tant constraint on this curve is that m > 1 for all points satisfying
@ =0, and so a necessary condition for ® =0 when ¢ =1 is that
the upper fluid depth be strictly greater than the lower fluid depth.

When ¢ # 1 it is possible to have hy < hy on the curve @ = 0.
For example, in the limits r =0 and r =1 we have

®(0,m, ) =(m—£)3
o(1,m o) =m+)(m*—t) = m=VLe

= m=¢,

Since ¢ can take any positive value, all depth ratios can occur on
the @ =0 curve. A schematic of the case £ < 1 is shown in Fig. 8(a)
and a schematic of the case ¢ > 1 is shown in Fig. 8(c).

The maximum value of m on the curve ¢ =0 is also of interest.
The maximum of m occurs when r+ =r~ in (5.1) which gives

1+4¢
m=1+4{ or m= +—,
4
and
1+3¢—3m 1
rmax — 1456 —5m with the constraint m < - + £. (5.2)
2me 3

The root m =1 + ¢ is nonphysical (since r™® in (5.2) is negative
in this case). Therefore the value of m when r =r™m s
144

4

max
m

When ¢ =1, m™* reduces to the familiar value of % [16]. For ar-
bitrary positive ¢, substitution of m™# into (5.2) gives

1
T 201440

In terms of dimensional coordinates this is

,02 max_ .l hz max_]+4£
01 T 20(1+40) h T4

where

max

and

) ud \™* 401
V(&) |max: ng TR

Note that V(¢) — 0 as ¢ — {r. With ¢ varying, a much wider
range of critical density ratios can be achieved, whereas with £ =1
we only have the value r™* = L

One implication of a nonzero velocity difference is that there
is a potential for Kelvin-Helmbholtz instability [6]. Without surface
tension, all flows with nonzero velocity difference are unstable,
and with surface tension there is a critical value of the veloc-
ity difference below which the uniform flow is stable. The role of
Kelvin-Helmholtz instability will not be considered in this paper,
as it requires bringing in time dependence. However, it is of in-
terest to look at the velocity difference on the surface of criticality.
Using the parameterization (3.4) the velocity difference on the sur-
face of criticality (the slow mode) is
uj —uf

gh
Hence the velocity difference varies over the criticality surface, and
there is a distinguished curve on the criticality surface where the
velocity difference vanishes:

ViZ2 £ (m—-1)z-mJr=0,

1
=m—1++re? —mre ¥, \/F<e“’<7_.
f

z=¢e?.
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This quadratic has one positive root for each (r,m) given by

o V(m— D2+4mr+1-—m
e¥ = .
NG
Hence, there is a subset of the criticality surface where Kelvin-
Helmholtz instability can be avoided completely. But there are also

regions where the Kelvin-Helmholtz instability is operative, and so
there will be dynamical implications.

6. The role of criticality in the generation of solitary waves

Criticality is a property of the nonlinearity and it occurs in
the shallow water equations or the full equations. However, in or-
der to generate solitary waves out of criticality a balance between
nonlinearity and dispersion is needed. In the full equations, this
dispersion is implicit. Here, the shallow water equations will be
used for illustration. Adding the simplest form of dispersion to the
shallow water model (1.1) leads to

d d
—(o1h —(o1h =0
at(ﬂl 1)+ax(p1 1u1) =0,

0 0
2 (pah) + —(pahauiz) =0
8t(;02 2) + 8x('02 2U2) =0,

O o)+ (Lo + prghy + paghs ) =a Pl | g, 20
g P o\ g Pt 18+ 02802 ) = dn g 253
] a1, 33hy 33hy
2z 2= h hy ) = az =t 72
Bt(p2u2)+ ax(zﬂzuz-f—ﬂzg 1+ 028 2) In g +tan3
(6.1)

Explicit expressions for the coefficients can be obtained using
a Boussinesq approximation (see Chapter 2 of Donaldson [13]),
but will not be needed here except for the symmetry property
a1 = aya. There are many other variants of the leading order
Boussinesq model for two layer flow (e.g. [5,11]), but the form (6.1)
will be sufficient for the present purposes.

The steady equations reduce to

dqq

h =q;, — =0,
pimur =qq dx
dqz

h =q;, — =0,
P2M2Uz =2 X
1 2 dH] dT1
- h hy = — — =0
2P1U1+Plg 1+ p28h2 ix +r1, ix ,
1 2 de drz
- h hy = —= — =0
2,02Uz+/02g 1+ 028h2 Ix + 12, Ix ,
a dh +a dhy —H

ny 2 1
a dhq ta dhy _H

2 2 =2

This system can be characterized as a Hamiltonian system with di-
mension twelve in a way that highlights the role of criticality of
uniform flows in the generation of solitary waves. Introduce po-
tentials

dyr dy> den dey
hi=———, hy=-2=2 = _ 7
1 dx 2 dx up dx uz dx
and new coordinates
Z:=(h1,h2,q1,q2, H1, H2, 1, $2, Y1, V2,11, 12). (6.2)

Then the steady equations are equivalent to the Hamiltonian sys-
tem

1Zy=VS(Z), ZeRWP (6.3)

with Hamiltonian function

1 1
S(Z) =rihy +r2hy — E,Olgh% — p28hthy — Epzh%

1 ¢

1 1 Q% az; 2 ang 1an
2 p1hy

1
2mh 2D T D t3D

2 .
where D = ay1az; — af, and symplectic operator

o o 0o 0 -1 0 0O0O0OO0O O 07
00 o 0 O -1 0O0OO O O
00 o 0 O O 1O0OOO O O
00 0o 0 O O O11TOO O O
10 0 0 O O O0OOO O O
/610 0 O O O0O0OO0OO0O O O
I= 00-1 0 O O OOOOUO O
00 0 -1 0 0 O0OOO O o
00 o 0 O O OOOOTS-1T0
00 o o O O OOOO O —1
00 0 0 O O OOT1TO O O
Lo 0o 0 0 0 O O0O0OT1T O o0

6.1. Weakly nonlinear normal form for bifurcating solitary waves

Here, the weakly nonlinear bifurcation of solitary waves from
the uniform flow will be sketched with an emphasis on how the
normal form theory of [12] is modified by (a) the Hamiltonian
structure and (b) the inclusion of the full four-parameter family
of uniform flows.

The Hamiltonian system (6.3) has dimension 12 but 8 of these
dimensions are associated with the uniform flow. By inspection,
it is clear that one can reduce to a Hamiltonian system on R*
with coordinates (hq, hy, Hi, Hy). However, by maintaining the ad-
ditional terms the system includes a geometric formulation of uni-
form flows.

The system (6.3) has a 4-dimensional symmetry group. This
symmetry is simple (one can add an arbitrary constant to yi, 2,
¢1 and ¢;) but relative equilibria (RE) associated with this sym-
metry are uniform flows. These RE are degenerate precisely when
the uniform flows are critical.

Given a 4-parameter family of RE of (6.3) at criticality the strat-
egy is to perturb (6.3) about this family and then use normal form
theory to get the weakly nonlinear system near the RE. By com-
bining the normal form for degenerate RE [7-9] and the normal
form for a double zero eigenvalue with a pair of purely imaginary
eigenvalues in [12], the weakly nonlinear normal form is

U o j=1....4

ix 1=1,...,4,

dv 1
—EZII—EKU2+V|A|2+“',
dyr
—=u+---,

dx +
dys; )
Wzsjlj'i‘"‘y i=2,3,4,
du_5v+
x5 ,
dA
— = iwA+ivuA+---. (6.4)
dx

The first four equations % = 0 just state that solutions stay on
surfaces of constant mass flux and Bernoulli energy. The phases 1;
are the dual Hamiltonian variables to the I; and they represent
perturbations of the potentials y1, y» and ¢1, ¢,. Reducing, by
eliminating (I, v¥;), j=1,...,4, recovers the normal form of Dias
and Il'ichev with the Hamiltonian constraint that the coefficient
of |A|? in the vy equation should be the same as the coefficient
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of iuA in the Ay equation. The parameters sj = +£1 are symplec-
tic signs and their role is discussed in [7]. Our main observation,
as noted in Eq. (1.5) in the introduction, is that x is determined by
the second derivative of the mapping P(c).

Eliminating the symmetry variables, the normal form reduces
to

d’u 1, )
—51W=11—§KU +VIAIT+ -,
dA
L iwAtivuA+ - (6.5)
dx

with s; = %1, I; is a measure of the distance from the critical-
ity surface, k¥ is given by (1.5) and v and w are given in [12].
Neglecting the higher order terms this system is integrable and ex-
plicit expressions can be written down for the solitary waves and
generalized solitary waves. Clearly |A(x)|? is constant, and so the
first equation in (6.5) has a solution which is a constant plus a
sech? solitary wave. The nonclassical nature of the solitary wave is
due to |A(x)| # 0. A detailed analysis of the various forms of these
solitary waves is given in [12]. The only difference here is the ex-
tended range of parameter space, and with the extended normal
form (6.4), the coupling with the mean flow (uniform flow) can be
made explicit.

7. Concluding remarks

In this paper we have concentrated on criticality of uniform
flows. However, as shown in [9], criticality also applies to the pe-
riodic travelling waves bifurcating from the uniform flows (in the
case of one layer, these periodic travelling waves are the Stokes
wave in shallow water). Criticality of the periodic state coupled to
a mean flow is called secondary criticality in [9]. This form of criti-
cality leads to a secondary bifurcation of steady dark solitary waves
(generalizing the bifurcation of classical solitary waves when uni-
form flows are critical). For the case of two layers with an upper
free surface these waves will be more exotic since there is the po-
tential for generalized tails. Application of the theory in [9] shows
that one should add B, the wave action flux, to the set of function-
als (Rq, Ry, Q1, Q). In addition to (hy, hy, u1,uz) one includes k
the wavenumber of the periodic wave at the interface. Then one
can show that the coupled system is critical when the determinant
of the extended 5 x 5 Jacobian matrix vanishes,

det[a(Rl, R, Q1. Q2, B)} _o.

d(h1,hy,ur,uz, k)

When this condition is satisfied for periodic waves at the interface
between two fluids with a free surface coupled to a 4-component
mean flow - and there is good reason to suspect that it is satisfied
for some parameter values - application of the theory in [9] would
lead to the secondary bifurcation of a new kind of dark solitary
wave at the interface.
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Appendix A. Proof that DP(c) has rank 3 at criticality

To prove that A’(0) # 0, first rearrange A’(0) in (3.2) into the
form

A'(0) =rp}[rgha(g + h)[(1 —F3 —1]
+ ghi(g +h)[(1 =) Ff — 1] +rg?(hy +rhy)]. (A1)

Use the criticality condition in the form (2.5) to eliminate F%,

/ rp; 2
A(0)= m[f gha(g +h1)
+ghi(g +h)[(1 - nF? —1]°
+rg?(h1 +rhy)[(1 =) F} —1]],
or
/ rp; 2
A'(0) = m[ghﬁ
+g*hi(1—n[(1 —nF -1](Ff -1)]. (A2)
with

B? =r?hy +[(1 —nF2 — 1] +r2g(1 — 1 F2,

The term B2 is strictly positive along both the slow and fast criti-
cality curves. The key term is the product

[a-nF —1](F - 1), (A3)

in the second term in the right-hand side of (A.2). However, along
the fast criticality curve (1 —r)FZ —1 and F? — 1 are positive.
Hence, A’(0) is strictly positive along the fast criticality curve.

Along the slow criticality curve (1 —r)F? —1 <0 but F3 <1,
the latter inequality following from Fig. 7, or from the parameter-
ization of (2.5). Hence the product (A.3) is either positive or zero.
When it is zero, the argument in (A.2) is still positive since B > 0.
Hence, A’(0) is strictly negative along the slow criticality curve.
This completes the proof that DP(c) has rank 3 at all parameter
values that are physically relevant (i.e. hy >0, h, >0, g > 0 and
0<r<1)
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